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A profound quest of statistical mechanics is the origin of irreversibility – the arrow of time [1–
10]. New stimulants have been provided, thanks to unprecedented degree of control reached in
experiments with isolated quantum systems [7–11] and rapid theoretical developments [12] of many-
body localization in disordered interacting systems [13]. The proposal of (many-body) eigenstate
thermalization (ET) [14–16] for these systems reinforces the common belief that either interaction
or extrinsic randomness is required for thermalization. Here, we unveil a quantum thermalization
mechanism challenging this belief. We find that, provided one-body quantum chaos is present, as a
pure many-body state evolves the arrow of time can emerge, even without interaction or randomness.
In times much larger than the Ehrenfest time [17] that signals the breakdown of quantum-classical
correspondence, quantum chaotic motion leads to thermal – Fermi-Dirac (FD) or Bose-Einstein
(BE) – distributions and thermodynamics in individual eigenstates. Our findings lay dynamical
foundation of statistical mechanics and thermodynamics of isolated quantum systems.
Isolated quantum systems, ranging from the universe
to complex nuclei, exhibit a wealth of physical phenom-
ena. For such systems the standard ensemble descrip-
tion is not applicable. Can statistical mechanics and
thermodynamics emerge from unitary (pure state) evo-
lution then? How does irreversibility reconcile with this
reversible evolution? Studies of these problems were ini-
tiated by von Neumann soon after the birth of quantum
mechanics [2], and have become urgently important re-
cently [7–10]. The ET hypothesis [14–16] – that the ex-
pectation value of a physical observable in an eigenstate
equals to its statistical mechanics ensemble average – lies
at the heart of the renewal of interests in this old subject.
The concept of ET is central to many-body localization
[13] currently under intense investigations [12].
This hypothesis has received increasingly strong sup-
port from numerics [9, 16]. It stands to reason that it
could significantly improve understandings of irreversibil-
ity, namely, the arrow of time. To pave the way to such
advance a number of conceptual difficulties, however,
have to be overcome. First of all, this hypothesis is mute
to evolution, because it addresses the long-time average
of observables, but not observables at long times. Most
importantly, it determines neither under what circum-
stances ET occurs, nor whether genuine thermal equilib-
rium can be achieved, even if ET occurs. In fact, whether
and how thermodynamics of entire isolated system (not
subsystem as addressed in most literatures) emerges from
unitary evolution is a largely unexplored realm. A com-
mon belief, conforming to the canonical paradigm in sta-
tistical mechanics [4], is that particle interaction [15] or
randomness [14], managing to redistribute particle ener-
gies, is an essential ingredient giving rise to ET. In partic-
ular, in Ref. [15] it is shown analytically how interaction
leads to thermal (Maxwell-Boltzmann, FD and BE) dis-
tributions for individual eigenstates, and the result was
numerically found [18] to hold even for interacting sys-
tems as small as including only two particles.
This common belief has been challenged by the eigen-
state typicality (ETp) very recently found for a remark-
ably simple system – a free Fermi gas put on a torus [19].
It was shown that, in a typical highly excited eigenstate,
the reduced density matrix of subsystem may approach
that of certain thermal ensemble. (Such a property re-
sembles, but is stronger than the canonical typicality
[20, 21].) So, even without interaction or randomness,
the subsystem can be thermalized. This finding provides
new insights to quantum thermalization in isolated sys-
tems and many questions arise. Notably, in isolated sys-
tems without interaction or randomness, can ET, which
is much stronger than ETp (in the sense that ETp guar-
antees that all local physical observables have thermal
expectation values, while ET requires not only local, but
also non-local observables, to be thermal), be achieved?
In such simple systems, can irreversibility and thermody-
namics emerge from reversible evolution of pure states?
Here we study these problems analytically and unveil
a new scenario of quantum thermalization. The scenario
requires, counter-intuitively, neither interaction nor ran-
domness, rather, the indistinguishability of identical par-
ticles – an intrinsic quantum many-body effect – and one-
body quantum chaos. The latter has two-fold meanings.
First, in the classical limit the single-particle motion is
dynamically unstable or more precisely mixing [5], which
leads to ergodicity and exponential decay of correlations
in time. As shown in Fig. 1a (below t-axis, left), a small
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FIG. 1. Emergent arrow of time. a, as time passes a
Planck’s cell is deformed due to instability of single-particle
classical motion (below t-axis, left). This causes correlation
functions (in the Wigner representation, with the value rep-
resented by different colors) to follow Liouville evolution up
to tE , and exhibit quantum structures in later times (above
t-axis). Associated with the formation of these structures, an
ideal gas (green solid circles) approaches ET, with thermo-
dynamics established for individual eigenstates (below t-axis,
right). b, the time profile of entropy (15) corresponds to the
many-body pure state evolution in a.
deviation in initial conditions (e.g., velocity and posi-
tion) is exponentially amplified in later times with a rate
– the Lyapunov exponent λ. In the 1940s, Krylov demon-
strated the importance of mixing to classical statistical
mechanics, and showed that λ is order of the inverse scat-
tering time [6]. Second, this chaoticity is not suppressed
by quantum interference. (The quantization of a classical
chaotic system is not necessarily chaotic [22].)
Figure 1a is a schematic representation of the new sce-
nario of quantum thermalization. It shows that the two
ingredients above, hand in hand, lead to thermalization
at times much larger than the Ehrenfest time [17],
tE ∼ λ−1 ln(A/~). (1)
Here ~ is the Planck’s constant and A a characteristic
classical action, and we pay no attention to the overall
numerical coefficient. Physically, tE arises from dynam-
ical instability (below t-axis, left). Indeed, the Planck’s
cell in phase space – a result of quantum uncertainty
– is deformed in the course of time. At tE this cell is
macroscopically large in certain directions and a classi-
cal trajectory is thereby split. So, tE is a hallmark of
the breakdown of quantum-classical correspondence. We
probe thermalization via physical observables whose ex-
pectation values can be expressed in terms of correlation
functions. Due to dynamical instability the correlation
function follows the classical evolution in short times and
relaxes to a thermal equilibrium value at times t  tE .
That value is found to follow the ET hypothesis. It is
independent of the initial state as well as details of mi-
croscopic dynamics. Moreover, it is essentially an av-
erage with respect to the FD or BE distribution, imply-
ing that genuine thermal equilibrium (not microcanonical
distribution as studied in most literatures [16]) is estab-
lished (below t-axis, right). So, an arrow of time – the
evolution towards ET and thermodynamics – is seen to
emerge from reversible, deterministic evolution of many-
body pure states. Surprisingly, neither interaction nor
randomness is required. [We ignore quantum recurrence
since this occurs at large times and practically is irrele-
vant, see Supplementary Material (SM) for discussions.]
Importantly, we find that tE is much larger than the time
scale for thermalization [23] obtained based on typicality.
Our findings lay dynamical foundation of thermalization
of isolated quantum systems.
Setup and analytical results. We put large but finite N
identical particles free of interaction in a d-dimensional
cavity of volume V and size L (Fig. 2). The particle
undergoes specular reflection on the boundary. For a
cavity where one-body quantum chaos arises (Fig. 2a,
left), the single-particle eigenenergy ε is the only good
quantum number. The corresponding spectrum exhibits
chaotic fluctuations (Fig. 2a, right), with a spectral den-
sity ρ(ε). The eigenstate of an ideal gas confined in the
cavity corresponds to a configuration of occupation num-
ber m ≡ {nν}, where ν labels single-particle eigenstate.
We prepare a pure state F which is highly excited so
that the expectation value of energy per particle, E/N ,
is much larger than the mean level spacing. This state is
superposed by eigenstates m, the corresponding eigenen-
ergies of which are located in a narrow energy shell, with
a width much smaller (larger) than E (mean level spac-
ing). It evolves, F → F (t), following the Schro¨dinger
equation. Noting that a one-body physical observable
can be expressed in terms of the correlation function,
Mrr′(t) ≡ 〈F (t)|a†r′ar|F (t)〉, between the spatial points
r and r′ at time t, with ar (a†r) being the annihilation
(creation) operator at r, we focus on this function below.
We find analytically that Mrr′(t) relaxes to a genuine
thermal value. Here the overline stands for the aver-
age with respect to q ≡ r+r′2 over several de Broglie
wavelengths. This wavelength corresponds to the aver-
age single-particle energy E/N and is much smaller than
L. The average accounts for finite resolution in realistic
measurements. More precisely,
Mrr′(t)
ttE→ 1
V
∫
dερ(ε)f
( |r − r′|
λε
)
1
e
ε−µ
T ± 1
. (2)
The second factor in the integrand is given by
f(x) = Γ(d/2)(x/2)−
d−2
2 J d−2
2
(x), x = |r − r′|/λε, (3)
3L
c
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FIG. 2. Ideal gas confined in cavities. a, a chaotic cav-
ity (left) confining ideal gas (green solid circles) and giving
rise to one-body quantum chaos. For ensuing single-particle
quantum motion energy is the only good quantum number,
with a discrete, chaotic spectrum (right). b, for rectangu-
lar cavity the single-particle quantum motion is completely
integrable, and the discrete momenta pν consist of a com-
plete set of good quantum numbers. c, for an infinitely long
quasi-one-dimensional cavity with rough surface, the motion
is non-ergodic due to Anderson localization, and a dense point
spectrum follows, with energy as the only good quantum num-
ber again. For Fermi gas, a typical excited eigenstate corre-
sponds to a random occupation configuration in good quan-
tum number space. The black solid (empty) circles implies
that a single-particle eigenstate is (un)occupied.
where Γ(x) is the gamma function and Jν(x) the Bessel
function, and the de Broglie wavelength λε ≡ ~√2mε (m
the particle mass). The last factor in (2) is the FD (BE)
distribution, where T is the temperature (the Boltzmann
constant set to unity) and µ the chemical potential. We
further show that these two emergent quantities, T and
µ, and the fundamental thermodynamic relation,
TdS = dE − µdN, (4)
with S being the emergent thermal entropy, all hold for
individual eigenstates of ideal gas. Finally, λ ∼
√
E/N
mL2 ∼√
T
mL2 and A ∼
√
mEL2
N ∼
√
mTL2. Combining with
Eq. (1) they give tE  ~T , where ~T is the thermalization
time scale obtained based on typicality [23].
Equation (2) has transparent physical meanings. The
left-hand side respects faithfully reversible, determinis-
tic, unitary evolution; the right-hand side reflects ET and
thermal equilibrium. They are connected via the arrow
of time, and t tE indicates that thermalization is a re-
sult of the formation of phase space quantum structures
(Fig. 1a). We further find an entropy S(t) characteriz-
ing the emerging of the arrow of time (Fig. 1b), which
coincides with the thermal entropy in equilibrium.
In the absence of one-body quantum chaos, the results
summarized above do not hold: neither does the arrow
of time emerge, nor the thermal distribution. In Fig. 2
we give two examples. One is an ideal gas confined in
a rectangular cavity (b) and the other in an infinitely
long quasi-one-dimensional cavity with rough surface (c).
The single-particle quantum motion in the former cavity
is completely integrable, while in the latter exhibits An-
derson localization.
Analytic theory. We pass to the Wigner representation,
Mrr′(t) ≡
∫
dpe−
i
~ (r−r′)·pM(q,p; t). (5)
In SM we show that the Wigner function defined above,
M(q,p; t), obeys
(∂t − {H(q,p), · }Moyal)M(q,p; t) = 0. (6)
Here H(q,p) = p
2
2m + V (q) is the classical Hamilto-
nian, with V (q) being the potential. The Moyal bracket
[24] {H, · }Moyal ≡ − i~ sin(i~{H, · }), where the Poisson
bracket {H, · } ≡ (∂qH · ∂p − ∂pH · ∂q)(·). To make the
Moyal bracket well defined we have assumed that V (q)
is analytic. This assumption is technical and inessential
to the physical results summarized above. This evolu-
tion is of one-body nature, with many-body aspects of
M entering into the initial condition M(q,p; 0). More-
over, Eq. (6) is reversible, being invariant under the time
reversal: q → q,p → −p, t → −t, and deterministic. In
the limit ~→ 0, the Moyal bracket reduces to the Poisson
bracket and Eq. (6) to the Liouville equation.
We recall a fundamental property [5] of chaotic classi-
cal motion (Fig. 1a, below t-axis, left). Due to dynamical
instability a volume element expands exponentially in un-
stable directions with a rate λ, and shrinks exponentially
in stable directions with the same rate for compensation.
Upon deforming and folding (due to the boundedness of
phase space), the volume element develops fine struc-
tures at a scale ∼ e−λt which decays exponentially in
time. This classical dynamical property has far-reaching
consequences on the quantum evolution (6) (Fig. 1a,
above t-axis). Observing the structure of Moyal bracket,
{H, · }Moyal = {H, · } +
∑∞
n=1O(~2n∂2n+1q V ∂2n+1p ), we
find that, due to the shrinking of phase space volume
in stable directions, the value of higher order derivative
terms of {H, · }Moyal increase exponentially in time, i.e.,
O(~2n∂2n+1q V ∂2n+1p ) = (~e
λt
A )
2nO(∂qV ∂p). These terms
become comparable to the Poisson bracket at tE . As
the time further increases, M(q,p; t) oscillates more and
more rapidly in phase space coordinates, and the oscil-
lation structure saturates eventually. When the time is
reversed, the expansion and shrinking processes are ex-
changed as a result of reversibility, and fine structures
are formed again in the course of time.
The observable Mrr′(t) is governed by the coarse
graining of M(q,p; t). Indeed, the spatial average over
4de Broglie oscillations introduces coarse graining of q-
coordinate. Besides, the exponential in Eq. (5) serves as
a “low-pass filter”: fine structures of M(q,p; t) developed
in momentum scales  ~/|r − r′| do not contribute to
the momentum integral. In other words, this exponential
introduces coarse graining of p-coordinate. Taking these
into account, we can reduce Eq. (5) to
Mrr′(t) =
∫
dpe−
i
~ (r−r′)·pMc.g.(q,p; t), (7)
with Mc.g.(q,p; t) being the coarse graining of M(q,p; t).
We emphasize that the coarse graining, whose details are
irrelevant and will be exemplified in SM, does not violate
the unitarity of evolution. In SM we further show
Mc.g.(q,p; t)
ttE→ function of H(q,p). (8)
It suggests that when quantum-classical correspondence
breaks down M(q,p; t) is uniform in the phase space en-
ergy shell upon coarse graining. We also simulate quan-
tum evolution (6) for a simplified system and confirm this
result (see SM). The result (8) is by no means classical.
On the contrary, it arises from that all quantum correc-
tions cancel out and thereby is highly nonperturbative
[in ({H, · }Moyal − {H, · })]. A similar phenomenon was
found previously in a study of Ehrenfest time effects on
level statistics of systems with unitary symmetry [25].
Equations (7) and (8) show that Mrr′(t) relaxes at
t  tE and stays at equilibrium value in later times.
(Recall that throughout we do not pay attention to quan-
tum recurrence occurring at extremely long times.) Im-
portantly, this result is regarding Mrr′(t) at long times,
rather than the long time average – as studied in most lit-
eratures of quantum thermalization [14–16] – of Mrr′(t)!
As shown in SM, Eq. (8) has a connection to the ori-
gin of classical irreversibility namely the Ruelle-Pollicott
resonance [26, 27] in chaotic dynamics.
Because Mrr′(t) is at equilibrium in long times, the
equilibrium value is limT→∞
∫ T
0
dt
T Mrr′(t). To calculate
this time average we substitute |F 〉 = ∑m Cm|m〉 (with∑
m |Cm|2 = 1), into the definition of Mrr′(t), obtaining
Mrr′(t)
ttE→
∑
m
|Cm|2〈m|a†r′ar|m〉. (9)
Equations (7)-(9) merely show that Mrr′(t) relaxes when
the system evolves for sufficiently long times ( tE).
They do not indicate whether and to what extent the
system can be thermalized. It is precisely at this point
that the principle of indistinguishability of identical par-
ticles comes to play key roles. In the remainder we will
show explicitly and analytically how this principle and
Eq. (9), hand in hand, lead to ET and the thermal (FD
or BE) distribution, justifying that thermodynamic no-
tions such as the temperature and Boltzmann entropy
are emergent objects of unitary evolution.
To calculate the right-hand side of (9) we start from
an exact expression, 〈m|a†r′ar|m〉 =
∑
ν nνCν(r−r′, q),
where Cν(r− r′, q) ≡ ψν(r)ψ∗ν(r′) is the autocorrelation
of single-particle eigenfunction ψν . Following Berry [28],
in the presence of one-body quantum chaos, the Wigner
transformation of ψν(r), denoted as Ψν(q,p), is given by
Ψν(q,p) =
δ(ε−H(q,p))∫∫
dqdpδ(ε−H(q,p)) . (10)
Note that we have performed the averaging with respect
to q over several de Broglie wavelengths, and the mi-
crocanonical distribution (10) is defined on the single(!)-
particle phase space. Physically, this distribution is
a manifestation of ergodicity of single-particle motion.
There is a correction to the distribution (10), which arises
from the quantum scar [29]. Since ψν corresponds to
single-particle eigenenergy ε much larger than the mean
level spacing, effects of this correction on Cν(r − r′, q)
are negligible (see SM). Using Eq. (10), we find
Cν(r − r′, q) =
∫
dΩe−
i
λε
Ω·(r−r′)
V
∫
dΩ
≡ 1
V
f
( |r − r′|
λε
)
.(11)
Here Ω is the solid angle, and the integral over Ω is cal-
culated in SM giving Eq. (3) [28]. f(x) has the same form
for different single-particle eigenstates satisfying λε  L.
It can be shown (see SM) that for two nearest ε, ε′,
f
( |r − r′|
λε
)
≈ f
( |r − r′|
λε′
)
(12)
because of one-body quantum chaos (Fig. 3a). As shown
below, combining with the indistinguishability of identi-
cal particles, it gives rise to ET and thermal distributions.
In general, most eigenstates contributing to the ini-
tial state are typical [19]. Each of such eigenstates cor-
responds to a random configuration {nν} (cf. Fig. 2).
Thanks to Eq. (12), we can follow Ref. [19] and intro-
duce the coarse graining of the occupied single-particle
eigenenergy space. Specifically, we divide it into a num-
ber of clusters (Fig. 3a), each of which, labeled by m, has
a length δεm and includes gm  1 single-particle eigenen-
ergies. The mth cluster is occupied by Nm  1 parti-
cles. The configuration {Nm} defines a macrostate, con-
strained by
∑
mNm = N and
∑
mNmεm = E, where εm
is the center energy of the mth cluster, and the eigenen-
ergy of ideal gas can be approximated by E. Taking these
and Eqs. (11) and (12) into account, we obtain
〈m|a†r′ar|m〉 =
1
V
∑
m
gmn(εm)f
( |r − r′|
λεm
)
, (13)
where n(ε) varying smoothly in ε (Fig. 3b) is the occupa-
tion number averaged locally over a large enough single-
particle eigenenergy window. Equation (13) establishes
the relation between the equilibrium value of correlation
function and a macrostate. From this we see that many
51
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FIG. 3. Coarse graining of single-particle eigenenergy
space. a, a macrostate is an occupation configuration associ-
ated with the coarse grained single-particle eigenenergy space
(blue clusters). This coarse graining is allowed because, given
r − r′, the values of f are closed to each other for two near-
est eigenenergies ε, ε′ (inset). b, this macrostate is described
by a smooth function n(ε), namely, the occupation number
averaged over the local single-particle eigenenergy spectrum.
microscopic states lead to the same equilibrium correla-
tion function, and the typicality implies the proliferation
of eigenstates with the same macroscopic features.
We now decide the configuration {Nm} in Eq. (13).
From the typicality we expect it to be most probable,
i.e., δ[lnW ({Nm}) −
∑
m(α + βεm)Nm] = 0. Here, the
number of microstates W ({Nm}) is
∏
m
gm!
Nm!(gm−Nm)! for
Fermi gas and
∏
m
(Nm+gm−1)!
Nm!(gm−1)! for Bose gas. α, β are
the Lagrange multipliers associated with the constraints
above. Then, the most probable {Nm} corresponds to
n(εm) =
1
eβεm+α ± 1 . (14)
This gives the FD and BE distribution, respectively. The
extremal value condition further gives ∂S∂E = β ≡ 1T and
∂S
∂N = α ≡ − µT , with the thermal (Boltzmann) entropy
S = lnW . This justifies the thermodynamic relation
(4). We emphasize that Eq. (14) results from the coarse
grained single-particle eigenenergy space. If the condi-
tion (12) is not satisfied, this space does not exist and
genuine thermal equilibrium (14) does not follow (see be-
low for further discussions). This is very different from
standard derivations of the FD and BE distribution [30],
which are irrespective of system’s dynamical properties.
Because the energy window is much narrower than E,
the fluctuations in the (many-body) eigenenergy can be
ignored. Combined with the above constraints on total
particle number and eigenenergy this implies that, for dif-
ferent m, the Lagrange multipliers take the same value,
and so does n(εm). Following Eq. (13) we find that the
values of 〈m|a†r′ar|m〉 are the same for different typical
eigenstates m. This justifies the ET hypothesis made
in Refs. [14, 15] and confirmed numerically in Ref. [16].
Additionally, Eq. (4) shows that equilibrium thermody-
namics holds even for individual eigenstates. Further-
more, Eq. (9) reduces to Mrr′(t) → 〈m|a†r′ar|m〉 for
t tE , with a negligible correction arising from atypical
eigenstates. Therefore, the equilibrium value of Mrr′(t)
is independent of initial states, i.e., Cm.
We substitute Eq. (14) as well as gm ≈ δεmρ(εm) into
Eq. (13). Passing to the continuum limit, we reduce
Eq. (13) to the right-hand side of Eq. (2). In combi-
nation with Eq. (9), we justify Eq. (2) completely.
Finally, we define an entropy [n˜ ≡ (2pi~)dMc.g.(q,p; t)],
S(t) ≡ −
∫∫
dqdp
(2pi~)d
(|n˜| ln |n˜| ± |1∓ n˜| ln |1∓ n˜|).(15)
In SM we show that its evolution can be represented
schematically by Fig. 1b. The increasing process of S(t)
for t <∼ tE corresponds to the emerging of the arrow of
time. In equilibrium (t  tE), S(t) coincides with the
thermal entropy S. As predicted by von Neumann [2]
and numerically observed in Ref. [31], even in equilibrium
stage, entropy can be suppressed from its thermal value
from time to time (see SM for discussions). This may be
attributed to quantum structures of certain eigenstates.
Absence of one-body quantum chaos. Our theory re-
quires finite tE (i.e., λ > 0) and the existence of n(ε).
None of them is present in the absence of one-body quan-
tum chaos, which can be caused by two mechanisms as
follows.
(i) the single-particle motion is non-chaotic, i.e., λ = 0,
already at the classical level (Fig. 2b). Inheriting from
classical Liouville integrability the single-particle quan-
tum motion is completely integrable. First, because of
tE → ∞ the expectation value of observable does not
relax. Second, for this single-particle motion a good
quantum number, i.e., the discrete momentum pν , re-
sults. Correspondingly, Cν(r − r′, q) ∼ eipν ·(r−r′). Be-
cause the distance between two nearest pν is O(1/L),
and r− r′ = O(L), for two nearest eigenstates the phase
(i.e., the exponent of Cν) difference is O(1). This leads
to a significant change in the value of Cν , invalidating
the coarse graining of single-particle eigenenergy space
in Fig. 3 and making the function n(ε) ill defined.
(ii) classical chaos exists, i.e., λ > 0, but is suppressed
by quantum interference, as exemplified by motion in a
sufficiently long quasi-one-dimensional cavity with rough
surface (Fig. 2c). For single-particle motion in this cav-
ity it has been known [32] that at t >∼ tE the crossover
from diffusion to Anderson localization takes place. For
the latter the single-particle eigenenergies constitute a
dense point spectrum and the eigenfunction exhibits ex-
ponential localization in the longitudinal direction. For
two eigenenergies infinitesimally closed to each other, the
eigenfunctions are well separated in space. As a result,
the eigenfunction correlation between two given points
(r, r′) changes substantially as the eigenenergy varies
slightly. Therefore, the single-particle eigenenergy space
cannot be coarse grained, and n(ε) is again ill defined.
6Discussion. We have seen that the roles of one-body
quantum chaos are two-fold. First, it gives rise to a
coarse grained single-particle eigenenergy space or more
precisely Eq. (13). This coarse graining, together with
the indistinguishability of identical particles, leads to ET
with the FD (BE) distribution as a key manifestation.
Second, it leads to the emerging of the arrow of time
from unitary evolution. Strikingly, neither interaction
nor randomness is required. Our theory is established
for one-body observables. Whether it can be generalized
to many-body observables remains unclear.
Our findings are not restricted to ideal gas. They also
provide new perspectives of quantum thermalization of
isolated interacting systems. For example, upon apply-
ing the standard mean field approximation the single-
particle orbital often emerges from interacting systems.
This orbital – an effective single-particle quantum mo-
tion – is chaotic, provided the interaction is strong and
the energy of orbital is high. In this case we expect our
theory to be applicable. A realistic system composed
of strongly interacting electrons is the gold ion Au25+,
where the emergence of the FD distribution has been
seen numerically near the ionization threshold [33].
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